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Credits

We (MW, LD) are not developers of Stan, only happy users.
Credit for Stan goes to the fantastic Stan community and the Stan
Development Team

Several examples in this presentation are covered in the excellent
Stan manual and papers referenced therein. Any mistakes in
exposition are solely the responsibility of MW and LD.

The code samples in these slides are pedagogical in nature and, in
some places, simplify the underlying models significantly
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Outline

• Stan Language Crash Course
• Coding Volatility Models in Stan
• The Bayesian Workflow
• Advanced GARCH Models [time allowing]
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Stan Language Crash Course



Stan Language

Stan ≈ C++ + BUGS
Statically typed probabilistic programming language divided into
functional blocks: data, parameters, model, etc.
For this crowd, use through the rstan package
Write Stan code in a separate file→ compile using
rstan::stan_model in R → sample from the posterior using
rstan::sampling
Uses semicolons;

For a more detailed intro, see the excellent Stan manual or MW’s
2016 or 2017 R/Finance tutorials
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data block

The data block specifies the input to a Stan program

data {
// No automatically sized arrays: must pass sizes as input
int<lower=1> T;
vector[T] r;
// vector[T] is the mathematical idea of a vector
// real r[T] is an array (container) of T reals

}
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parameters block

The parameters block specifies what you want to learn from your
data

parameters {
real mu;

// Can add constraints to parameters
real<lower=0> sigma;
real<lower=0,upper=1> alpha1;

// Constraints can depend on other parameters
real<lower=0,upper=(1-alpha1)> alpha2;

}
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model block

The model block connects data and parameters by specifying a
joint distribution (density)

Specify priors and likelihood here - can use sampling statements (∼)
for brevity

model {
mu ~ normal(0, 1);
// Constraints on parameters are
// automatically respected
sigma ~ student_t(5, 0, 1);
r ~ normal(mu, sigma);

}

7



transformed parameters block

Often, it is useful to work with transformations of “raw” parameters -
e.g., we may specify variance and correlation separately, but need to
use a covariance matrix in our model.

The transformed parameters block fills this need. Essentially
nothing in this block can’t be done in model instead, but it’s
conceptually cleaner.

transformed parameters {
// Need to "forward declare"
// transformed parameters
vector<lower=0>[T] sigma;
sigma[1] = sigma1;

for(t in 2:T){
sigma[t] = sqrt(alpha0 +

beta1 * square(sigma[t - 1]) +
alpha1 * square(r[t-1]));

}
}
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generated quantities block

We are typically more interested in functions of the parameters than
the parameters themselves. These can be calculated in the
generated quantites block if you want to have your entire
analysis in Stan

generated quantities {
// Need to "forward declare"
// generated quantities
vector[T] std_residuals;
std_residuals = (r - mu) / sigma;

}
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Coding Volatility Models in Stan



Volatility Modeling: Perspectives

Traditional econometrician: volatility (heteroscedasticity) is a
problem to be corrected

Financial econometrician: volatility is a quantity to be modeled

Bad trader: volatility is something to be survived

Good trader: volatility is something to make money from

=⇒ For now, we adopt the second perspective

10



Volatility Modeling: General approaches

A troubling fact: volatility moves as quickly (more quickly?) than
prices

Basic estimator: r2t ≈ σ2t (quality of this approximation decreases
with σ2t )

Standard approach: combine the basic estimator with parametric
dynamics to pool information across time (i.e., smooth our
estimates)

Today we only discuss second-moment models - require a mean
(expected return) model to be specified separately. We take constant
mean for simplicity
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Stochastic Volatility

The “stochastic volatility” model (Kastner 2016; Kim et al. 1998):
assume the volatility follows stochastic Ornstein-Uhlenbeck/AR(1)
dynamics

rt ∼ N
(
µ, eht/2

)
= µ+ ϵteht/2

ht ∼ N (ω + ϕ(ht−1 − ω), ση)

= ω + ϕ(ht−1 − ω) + ηt(
ϵt
ηt

)
|Ft−1 ∼ N (0,Σ)

Σ =

(
1 0
0 σ2η

)
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Stochastic Volatility

data {
int<lower=1> T;
vector[T] r;

}
parameters {

real mu;
real omega;
// persistence of volatility
real<lower=-1,upper=1> phi;
real<lower=0> sigma_eta;
// Define raw log volatility parameter on
// O(1) scale for better performance
vector[T] h_std;

}
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Stochastic Volatility

transformed parameters {
vector[T] h = h_std * sigma_eta;
vector[T] sigma;
h[1] /= sqrt(1 - phi * phi);
h += omega;
for (t in 2:T)

h[t] += phi * (h[t-1] - omega);
}
sigma = exp(h/2);

}
model {

// Priors
h_std ~ normal(0, 1);
phi ~ uniform(-1, 1);
sigma_eta ~ student_t(3, 0, 5);
omega ~ student_t(3, 0, 10);
mu ~ normal(0, 1);
// Likelihood
r ~ normal(mu, sigma);

}
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Stochastic Volatility

library(quantmod)
library(rstan)
library(xtsPlots) # github.com/michaelweylandt/xtsPlots

sv <- stan_model("sv.stan")
SPY <- getSymbols("SPY", from="2015-01-01", auto.assign=FALSE)
SPY.R <- na.omit(ROC(Ad(SPY)));

samples <- sampling(sv, data=list(T=length(SPY.R),
# Stan is picky about types
r=as.vector(SPY.R)))

sv_bands <- apply(as.matrix(samples, "sigma"), 2,
function(x) quantile(x, c(0.1, 0.5, 0.9)))

plot(merge(abs(SPY.R), t(sv_bands)),
col=c("black", "green4", "red4", "green4"),
lwd=c(3, 2, 3, 2),
main=paste0("SPY Absolute Daily Returns ",

"+ 90% Posterior Intervals for Volatility"),
screens=c(1, 2, 2, 2)) 15



Stochastic Volatility
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GARCH

SV models are nice, but they are “high-dimensional” models - more
parameters than data points (even in the simplest case) =⇒ tricky
computation

GARCH type models (Bollerslev 1986, 2010) address this by proposing
deterministic updates to the volatility (conditional on parameters
and previous observations)

rt N (µ, σ2t )

σ2t = α0 + α1r2t + β1σ
2
t−1

Few “raw” parameters (+ data) determine a whole series of σ2t =⇒
use transformed parameters block
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GARCH

data {
int<lower=1> T;
vector[T] r;

}
parameters {

real mu;
real<lower=0> alpha0;
real<lower=0,upper=1> alpha1;
real<lower=0,upper=(1-alpha1)> beta1;

real<lower=0> sigma1; // Starting volatility
}
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GARCH

transformed parameters {
vector<lower=0>[T] sigma;
sigma_market[1] = sigma1;

for(t in 2:T){
sigma[t] = sqrt(alpha0 +

alpha1 * square(r[t - 1]) +
beta1 * square(sigma[t - 1]));

}
}
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GARCH

model {
// Priors
sigma1 ~ normal(sd(r), 3 * sd(r));

mu ~ normal(0, 1);
alpha0 ~ normal(0, 1);
alpha1 ~ normal(0, 1);
beta1 ~ normal(1, 1);

// Likelihood
r ~ normal(mu, sigma);

}
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GARCH - Initial Volatility

How to initialize the volatility process?

• Analytical long-run volatility
• Sample volatility
• Early part of sample volatility

I prefer the latter two approaches, typically making the initial
volatility itself random
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Extensions

Extending to other sampling distributions (non-normal returns) is
easy - just change the likelihood

Leverage effects can be added by changing the transformed
parameters updates
Tip: easier to specify GARCH dynamics based on returns than
standardized returns. This avoids a non-linear transform of
parameters for which you need a Jacobian correction (though this is
a modeling choice you can check - more below)
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The Bayesian Workflow



Running Example

Daily Log-Returns of SPY from 1993-01-01 to 2019-05-18:

library(doParallel)
library(quantmod)
library(moments)
library(rstan)
library(xts)

rstan_options(auto_write = TRUE)
options(mc.cores = parallel::detectCores())

p <- getSymbols("SPY", src = "yahoo",
from = "1993-01-01", to = "2019-05-18",
auto.assign = FALSE)

y <- na.omit(ROC(log(Cl(p)), n = 1, type = "continuous"))
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Running Example

And fit using a GARCH(1, 1) model:

fit <- stan(file = "stan/garch11.stan",
data = list(

T = length(y) # Length of the series,
H = 1 # Produce (H = 1)-step-ahead forecast
y = as.numeric(y) # observed series (daily returns)
sigma1 = sd(y) # Initial volatility

))

## In-sample estimates
spred <- extract(fit, pars = "spred")[[1]]
ypred <- extract(fit, pars = "ypred")[[1]]

## Out-of-sample estimates
sfore <- extract(fit, pars = "sfore")[[1]]
yfore <- extract(fit, pars = "yfore")[[1]]
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Scientific Problem

We would like to measure and forecast daily volatility in stock prices.
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Substantive Knowledge

What do we know about returns and volatility? (Cont 2001)

• Unconditional heavy tails
• Gain/loss asymmetry (except for foreign exchange rates)
• Shape of distribution changes with time scale
• Volatility clusters
• Conditional heavy tails (after correcting for volatility clustering)
• Slow decay of autocorrelation in absolute/squared returns
• Leverage effect
• Others

Use the model and/or priors to formally account for your
substantive knowledge
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Exploratory Data Analysis

A method to build a network of increasingly complex
models that capture features and heterogeneities present in
the data (Gelman 2004).

What are the possible sources of heterogeneity?

• Non-linearity
• Time-varying properties/relationships (coefficients)
• Hierarchies
• Clusters
• Latent variables (ex. latent states)
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GARCH(1,1) Model

Recall GARCH(1, 1) Model: (Bollerslev 1986; Engle 1982)

yt ∼ N (0, σ2t )
σ2t = α0 + α1y2t−1 + βσ2t−1

where σ2t is the conditional variance at time t and yt is the
(non-filtered) log-return at time t.

Stationarity constraints on parameters:

• α0 > 0
• α1, β ≥ 0
• α1 + β < 1

Ensure that unconditional variance is finite and positive and the
conditional variance is positive
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GARCH(1, 1) Model - Interpretation of Parameters

Interpretation (Alexander 2008):

• Error parameter: α1 measures the reaction of conditional
volatility to market shocks. The larger the coefficient, the more
sensitive to unexpected movements in prices.

• Lag parameter: β measures the persistence in conditional
volatility. The larger the coefficient, the longer it takes for
volatility to die out.

• Rate of convergence: α1 + β measures how quickly conditional
volatility converges to long-term average. The closer to one, the
slower the convergence.

29



Generative (Forward) Model

The predictive prior distribution PrPD, p(y), is the distribution of the
unknown but observable y before considering our sample.

Depends only on the prior and structure of the likelihood - not the
observed data!

p(y) =
∫
p(y, θ)d θ =

∫
p(θ)p(y|θ)d θ

• Generative models: Bayesian models with proper priors.
• Goal: To understand the model structure before making the
measurements.

• Methodology: Visualize simulations from the prior marginal
distribution and assess consistency between chosen priors and domain
knowledge.

• Recommendations (Gabry et al. 2019):
• At least some mass around extreme but plausible data sets (ex.
extreme log-returns).

• No mass on completely implausible values (ex. negative prices or
volume).

• Beware commonly recommended “vague priors” may not make
sense in the application.
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Generative (Forward) Model

Rather than evaluating the PrPD directly, we can let Stan handle it:
data {
int<lower=0> T;
real<lower=0> sigma1;

}

parameters {
real<lower=0> alpha0;
real<lower=0, upper=1> alpha1;
real<lower=0, upper=(1-alpha1)> beta1;

}

model {
// Priors
alpha0 ~ normal(0, 0.5) T[0, ]; // close to zero and small
alpha1 ~ beta(0.50, 1.50); // slightly more likely to be close to zero
beta1 ~ beta(2.50, 0.80); // slightly more likely to be close to one

}

Note: no observations y in the data block - purely prior-driven!
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Priors

From previous experience, we expect that:

• α0 > 0 is very close to zero.
• α1 ≥ 0 is close to zero, with values above 0.1 being “relatively
large”.

• β ≥ 0 is close to one, with commonly-seen values in the range
[0.70, 0.99].

These priors (on their own) do not yield stationarity: stationarity is
imposed through the constraints in the parameters block.
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Generative (Forward) Model: Priors
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Generative (Forward) Model: Generated Quantities

Generate samples from PrPD in the generated quantites block:
generated quantities {
real<lower=0> spred[T];
real ypred[T];

spred[1] = sigma1;
ypred[1] = normal_rng(0, sigma1);
for (t in 2:T) {
spred[t] = sqrt(
alpha0
+ alpha1 * pow(ypred[t-1], 2)
+ beta1 * pow(spred[t-1], 2)

);
ypred[t] = normal_rng(0, spred[t]);

}
}

If we had data in our model block, this would yield samples from the
posterior predictive density instead

34



Generative (Forward) Model: PrPD
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Software Validation

Before we analyze any estimates, we need to confirm that our
software works as intended (Cook et al. 2006; Talts et al. 2018). For
i ∈ 1, . . . ,N replications:

i. Draw one sample of the parameter vector θ(i) from the prior
distributions p(θ).

ii. Draw one sample of the observation vector y(i) from the
sampling distribution p(y|θ(i)).

iii. Use Stan to estimate the model parameters.
iv. Can the software recover the true parameters systematically?

• Are the estimates reasonable (for example, do they take impossible
values)?

• Is there any bias (systematic error in estimation)?
• Is the true value adequately covered by the posterior intervals?
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Software Validation - Step I

θ(i) ∼ p(θ)

simParams <- function() {
# Half-normal
alpha0 = abs(rnorm(n = 1, mean = 0, sd = 0.5))
alpha1 = rbeta(n = 1, shape1 = 0.5, shape2 = 1.5)
beta1 = rbeta(n = 1, shape1 = 2.5, shape2 = 0.8)
sigma1 = rexp(n = 1) / 100
if (alpha1 + beta1 >= 1) {

simParams() ## Accept-reject sampling
} else {

c(sigma1, alpha0, alpha1, beta1) }
}
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Software Validation - Step II

y(i) ∼ p(y|θ(i))
simGARCH11 <- function(T, sigma1, alpha0, alpha1, beta1) {
if (sigma1 <= 0) {stop("Initial sigma must be positive.")}
if (alpha0 <= 0) {stop("Alpha0 must be greater than zero.")}
if (min(alpha1, beta1) < 0) {stop("Alpha1 and Beta1 can't be negative.")}
if (alpha1 + beta1 >= 1) {stop("Alpha1 + Beta1 must be < 1.")}

y <- s <- numeric(T) # Pre-allocate

s[1] <- sigma1
y[1] <- rnorm(n = 1, mean = 0, sd = s[1])

for (t in 2:T) {
s[t] <- sqrt(alpha0 + alpha1 * y[t - 1]^2 + beta1 * s[t - 1]^2)
y[t] <- rnorm(n = 1, mean = 0, sd = s[t])

}

y
} 38



Software Validation - Step III

N <- 100

replicate(100, {
params <- simParams()
yfake <- simGARCH11(T = 252 * 10, sigma1 = params[1],

alpha0 = params[2], alpha1 = params[3],
beta1 = params[4])

fit <- stan(
file = "stan/garch11.stan",
data = list(
T = length(yfake),
H = 1,
y = as.numeric(yfake),
sigma1 = params[1] # Starting volatility

))

list(
true = params,
estimates = extract(fit, pars = c("alpha0", "alpha1", "beta1"))

) 39



Software Validation - Step IV
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Software Validation - Step IV
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Software Validation - Step IV

Other diagnostics:

• The 95% posterior intervals for the parameters α0, α1, and β

contain the true value in the 89, 97, 93 percent of samples
respectively.

• All values for the estimated parameters are within the restricted
parameter space.

• MCMC chains mix well. (See, for example Bayesplot)

42
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Model Diagnostics

After constructing a probability model and computing the posterior
distribution, we assess the fit of the model to the data and our
substantive knowledge.

• Have we included all our knowledge about the problem?
• What aspects of reality are not captured by the model?
• Suspects: priors, likelihood, model structure, explanatory
variables.
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Model diagnostics

• Sensitivity analysis: how much does posterior inference change
when other reasonable priors and/or models are used?

• Judge by practical implication: there is no true model.
• Does inference make sense?

• Not all knowledge is included formally in the model.
• Use the substantive leftovers to analyze the results.

• External validation: predict future data and compare with
future observations.
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Posterior Predictive Checks

If the model fits, replicated data generated under the model
should look similar to observed data. To put it another way,
the observed data should look plausible under the posterior
predictive distribution (Gelman et al. 2013).

• A self-consistency check.
• A data-informed data generating model.
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Posterior Predictive Checks

The posterior predictive distribution (PPD):

p(yrep|y) =
∫
p(yrep|θ)p(θ|y)d θ

• Fit a model p(θ|y) to an observed sample y.
• Draw S simulated values yrep (“replications”) from the joint
posterior predictive distribution p(yrep|y).

• Define a statistic T(y) that measures the discrepancy between
model and data.

• Compare the generated samples to the observed data.

Any systematic differences between the simulations and the data
indicate potential failings of the model.
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How to Chose the Quantity T?

A model can fail to reflect the data generating process in
any number of ways. Compare a variety of statistics to
evaluate more than one possible model failure (Gelman
et al. 2013).

• Choose a quantity that reflects aspects relevant to the scientific
purpose.

• Especially useful to measure features of data not directly
addressed by the model (ex. ranks, correlations, relationships
with explanatory variables).

• Discard sufficient statistics because we look for features not
explicitly included in the model. Choose statistics that are
orthogonal to model parameters instead.
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How to Compare the Quantity T?

• Numerically:
• Compare the magnitude T(y, θs)− T(yrep s, θs).
• Compute the probability of the replicated data being more
extreme than the observed data
Pr (T(y, θs) ≤ T(yreps, θs)) ∀ s = 1, . . . , S.

• Graphically:
• Histogram of T(y, θs)− T(yrep s, θs) should include zero.
• Scatterplot T(y, θs) ∼ T(yrep s, θs) should be symmetric about the
45Âº line.
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Posterior Predictive Checks: GARCH(1,1)

transformed parameters {
real<lower=0> sigma[T];
sigma[1] = sigma1;
for (t in 2:T) {
sigma[t] = sqrt(
alpha0
+ alpha1 * pow(y[t-1], 2)
+ beta1 * pow(sigma[t-1], 2)

);
}

}

model {
// Priors
alpha0 ~ normal(0, 0.5) T[0, ]; // close to zero and small
alpha1 ~ beta(0.50, 1.50); // slightly more likely to be close to zero
beta1 ~ beta(2.50, 0.80); // slightly more likely to be close to one

// Sampling (likelihood)
y ~ normal(0, sigma);

} 49



Posterior Predictive Checks: GARCH(1,1)

generated quantities {
real<lower=0> sfore[H]; real<lower=0> spred[T];
real yfore[H]; real ypred[T];

for (h in 1:H) {
sfore[h] = sqrt(
alpha0
+ alpha1 * pow(y[T + h - 1], 2)
+ beta1 * pow(sigma[T + h - 1], 2)

);

yfore[h] = normal_rng(0, sfore[h]);
}

spred[1] = sigma1; ypred[1] = normal_rng(0, sigma1);
for (t in 2:T) {
spred[t] = sqrt(alpha0
+ alpha1 * pow(ypred[t-1], 2)
+ beta1 * pow(spred[t-1], 2)

);
ypred[t] = normal_rng(0, spred[t]);

}
}
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PPC: Observed vs. Posterior Predictive Returns
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PPC: Observed vs. Posterior Predictive Returns
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PPC: Observed vs. Posterior Predictive Returns
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Out-of-Sample Forecast Evaluation

Methodology for walk-forward validation:

• Extract subsamples using a rolling window with 2520
observations each (approximately ten trading years).

• Re-estimate the parameters θ every k days.
• Compute the h-step ahead forecast for volatility σ̂t+h|t.
• Draw a sample from the expected distribution of log-returns
ŷt+h|t ∼ N (0, σ̂2t+h|t).

Outcome:

• Volatility forecasts
• A full distribution of forecasted log-returns

Unlike standard approaches, we account for parameter certainty “for
free” (Ardia et al. 2017)
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Parameter uncertainty
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Distribution of expected return
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Coverage ratio

How many times does the (ex-post) observed log-return exceed our
1− α forecast interval?

0 200 400 600 800

−
0.

02
0

−
0.

01
5

−
0.

01
0

−
0.

00
5

0.
00

0
0.

00
5

0.
01

0
0.

01
5

SPY [2015−01−07/2018−05−16 − Out of sample]

Time

Lo
g−

re
tu

rn
s

Observed
Forecast (95% posterior interval)
Actual coverage ratio: 96.45%

57



Value at Risk

How many times does the (ex-post) observed log-return exceed our
α VaR? (Christoffersen 1998; Kupiec 1995)
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Expected Shortfall

How does the (ex-post) observed log-return compare with our α ES?
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Advanced GARCH Models



Realized GARCH

The “base estimator” σ2t ≈ r2t is not the only estimator of volatility

Many other “realized volatility” measures exist – see
TTR::volatility()
(Garman and Klass 1980; Rogers and Satchell 1991; Yang and Zhang 2000)

Hansen and Huang (2016) and Hansen et al. (2012) augment GARCH
dynamics with realized measures

rt ∼ N (µ, σ2t )

σ2t = α0 + α1r2t−1 + β1σ
2
t−1

ςt ∼ N (ξ + ϕσt + δ1|rt|+ δ2r2t , ν2)
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Realized GARCH

data {
int<lower=1> T;
vector[T] return_market;
vector[T] realized_vol;

}
parameters {

real mu_market;
real<lower=0> alpha0;
real<lower=0,upper=1> alpha1;
real<lower=0,upper=(1-alpha1)> beta1;

real<lower=0> sigma_market1; // Starting volatility

real<lower=0> xi;
real<lower=0> phi;
real<lower=0> delta1;
real<lower=0> delta2;
real<lower=0> nu;

}
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Realized GARCH

transformed parameters {
vector<lower=0>[T] sigma_market;
sigma_market[1] = sigma_market1;

for(t in 2:T){
sigma_market[t] = sqrt(alpha0 +

alpha1 * square(return_market[t-1]) +
beta1 * square(sigma_market[t-1]));

}

rv_market_mean = xi + phi * sigma_market +
delta_1_rv * fabs(return_market) +
delta_2_rv * square(return_market);

}

62



Realized GARCH

model {
// Priors
sigma_market1 ~ normal(sd(return_market),

3 * sd(return_market));

mu_market ~ normal(0, 1);
alpha0 ~ normal(0, 1);
alpha1 ~ normal(0, 1);
beta1 ~ normal(1, 1);
xi ~ normal(0, 1);
phi ~ normal(1, 1);
delta1 ~ normal(0, 1);
delta2 ~ normal(0, 1);
nu ~ normal(1, 1);

// Likelihood
return_market ~ normal(mu_market, sigma_market);
realized_vol ~ normal(rv_market_mean, nu);

}
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Going Multivariate: Realized Beta GARCH

Hansen et al. (2014) propose realized beta GARCH:

• multivariate single-factor GARCH
• each asset has a combination of market volatility and
idiosyncratic volatility

• naturally extended to multi-factor and multi-asset models

rt ∼ N (µ, σ2t )

σ2t = α0 + α1r2t−1 + β1σ
2
t−1

ςt ∼ N (ξ + ϕσt + δ1|rt|+ δ2r2t , ν2)

rAt ∼ N (µA, σ2A,t)

σ2A,t = αA,0 + αA,1r2A,t + βA,1σ
2
A,t−1 + γσ2t
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Multivariate Skew Normal

Multivariate GARCH requires a multivariate observation distribution:
Stan (currently) only has the multivariate normal.

We can add the multivariate skew normal (Azzalini and Capitanio
1999) as a user-defined function and use it like a built-in distribution:
functions{
real multi_skew_normal_lpdf(vector y, vector mu,

vector sigma, vector alpha,
matrix omega){

real retval = 0; int K = rows(y);

retval += multi_normal_cholesky_lpdf(y | mu,
diag_pre_multiply(sigma, omega));

for (i in 1:K){
retval += normal_lcdf(dot_product(alpha, (y - mu) ./ sigma) | 0, 1);

}
return retval;

}
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Realized Beta GARCH

Realized Beta GARCH Stan Code:

data {
int<lower=1> T;
vector[T] return_market;
vector[T] return_asset;
vector<lower=0>[T] realized_vol_market;

}

transformed data{
// Put both series a single object
vector[2] returns[T];

for(t in 1:T){
returns[t][1] = return_market[t];
returns[t][2] = return_asset[t];

}
}
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Realized Beta GARCH

transformed parameters {
vector<lower=0>[2] sigma[T];
vector[T] rv_market_mean;

{
vector[T] sigma_market;
vector[T] sigma_asset;

sigma_market[1] = sigma_market1;
sigma_asset[1] = sigma_asset1;

for(t in 2:T){
// First GARCH dynamics
sigma_market[t] = sqrt(omega_market +

gamma_market * square(sigma_market[t - 1]) +
tau_1_market * fabs(return_market[t-1]) +
tau_2_market * square(return_market[t-1]) +
zeta_market * realized_vol_market[t-1]);
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Realized Beta GARCH

(Continued)
sigma_asset[t] = sqrt(omega_asset +

gamma_asset * square(sigma_asset[t - 1]) +
beta_asset * square(sigma_market[t - 1]) +
tau_1_asset * fabs(return_asset[t-1]) +
tau_2_asset * square(return_asset[t-1]));

}

for(t in 1:T){
sigma[t][1] = sigma_market[t];
sigma[t][2] = sigma_asset[t];

}

// Expected realized vol
rv_market_mean = xi + phi * sigma_market +

delta_1_rv * fabs(return_market) +
delta_2_rv * square(return_market);

}
}
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Realized Beta GARCH

Let Stan automatically enforce complex stationarity constraints for
us:

parameters {
vector[2] mu;
vector[2] alpha;
cholesky_factor_corr[2] L;

real<lower=0> omega_market;
real<lower=0,upper=1> zeta_market;
real<lower=0,upper=1> gamma_market;
real<lower=0,upper=(1-gamma_market)> tau_1_market;
real<lower=0,upper=(1-gamma_market-tau_1_market)> tau_2_market;

real<lower=0> sigma_market1;
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Realized Beta GARCH

(Continued)

real<lower=0> omega_asset;
real<lower=-1,upper=1> beta_asset;
real<lower=0,upper=(1-beta_asset)> gamma_asset;
real<lower=0,upper=(1-beta_asset-gamma_asset)> tau_1_asset;
real<lower=0,upper=(1-beta_asset-gamma_asset-tau_1_asset)> tau_2_asset;

real<lower=0> sigma_asset1;

real xi;
real phi;
real<lower=0> delta_1_rv;
real<lower=0> delta_2_rv;
real<lower=0> rv_sd;

}
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Realized Beta GARCH

Priors here are robust MLE + 10 standard errors for SPY + 1-month
e-mini:

model {
mu ~ normal(0, 1);
alpha ~ normal(0, 1);
L ~ lkj_corr_cholesky(1);
beta_asset ~ normal(0, 1);
zeta_market ~ normal(0, 1);

omega_market ~ normal(0.002, 0.025);
gamma_market ~ normal(0.8, 0.6);
tau_1_market ~ normal(0, 0.1);
tau_2_market ~ normal(0.1, 0.7);
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Realized Beta GARCH

(Continued)

omega_asset ~ normal(0.002, 0.025);
gamma_asset ~ normal(0.8, 0.6);
tau_1_asset ~ normal(0, 0.1);
tau_2_asset ~ normal(0.1, 0.7);

xi ~ normal(0.02, 0.6);
phi ~ normal(15, 60);
delta_1_rv ~ normal(1.15, 8);
delta_2_rv ~ normal(1.15, 14);
rv_sd ~ normal(0.05, 0.25);
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Realized Beta GARCH

(Continued)

// Initialize initial vol with weak prior
sigma_market1 ~ normal(sd(return_market), 5 * sd(return_market));
sigma_asset1 ~ normal(sd(return_asset), 5 * sd(return_asset));

// Likelihood
realized_vol_market ~ normal(rv_market_mean, rv_sd);
for(t in 1:T){

returns[t] ~ multi_skew_normal_chol(mu, sigma[t], alpha, L);
}

}
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Markov-Switching GARCH

“Regime Switching” GARCH: multiple GARCH processes with different
parameters – return for each day is drawn from a GARCH processes
selected by an underlying Hidden Markov Model (Haas et al. 2004a,b)

rt|xt = k ∼ GARCH(α0,k, α1,k, β1,k) (GARCH)
xt|xt−1 = k ∼ Categorical(pk) (HMM)

See Damiano et al. (2018) for background on HMMs in Stan and
Ardia (R/Fin 2017) for more details on Markov-switching GARCH
models generally

74



Stan Implementation

 luisdamiano/stancon2018/stan/hmm_garch.stan

transformed parameters {
...

// GARCH Component
// ---------------

// Initialize at unconditional variances
sigma_t[1, 1] = alpha0[1] / (1 - alpha1[1] - beta1[1]); // Low-vol
sigma_t[1, 2] = alpha0[2] / (1 - alpha1[2] - beta1[2]); // High-vol

// GARCH dynamics rolling forward
for(t in 2:T){
for(i in 1:2){
sigma_t[t, i] = sqrt(alpha0[i] +

alpha1[i] * pow(y[t-1], 2) +
beta1[i] * pow(sigma_t[t-1, i], 2));

}
}

}
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Stan Implementation

 luisdamiano/stancon2018/stan/hmm_garch.stan
transformed parameters {
...
// HMM Component
// -------------
// Calculate log p(state at t = j | history up to t) recursively
// Markov property allows us to do one-step updates
real accumulator[2];

// Assume initial equal distribution among two states
// Better model would be to weight by HMM stationary distribution
log_alpha[1, 1] = log(0.5) + normal_lpdf(y[1] | 0, sigma_t[1, 1]);
log_alpha[1, 2] = log(0.5) + normal_lpdf(y[1] | 0, sigma_t[1, 2]);

for(t in 2:T){
for(j in 1:2) { // Current state
for(i in 1:2) { // Previous state
accumulator[i] = log_alpha[t-1, i] + // Probability from previous obs

log(A[i, j]) + // Transition probability
// (Local) likelihood / evidence for given state
normal_lpdf(y[t] | 0, sigma_t[t-1, i]);

}
log_alpha[t, j] = log_sum_exp(accumulator);

}
}

}
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