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Predictive financial return modelling

Information set of past returns

Model
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𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑖𝑛𝑔

𝐸[𝑟𝑡
𝑝

| 𝕴𝑡−1]

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔

𝑅𝑖𝑠𝑘[𝑟𝑡
𝑝

| 𝕴𝑡−1]

Goal: Optimal financial decision making
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Which risk measure?

Value-at-Risk

5% of the mass
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Which risk measure?

Expected

Shortfall

𝐸 𝑟𝑡
𝑝 𝑟𝑡

𝑝
≤ 𝑉𝑎𝑅]
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Multivariate view

• The return of your investment is the portfolio return affected by the N
underlying asset returns:

➔ Predict at time t-1 the conditional distribution of the N-dimensional return 
vector 𝒓𝑡 given the information in the returns 𝒓1 ,… 𝒓𝑡−1 (information set, 
denoted by 𝕴𝑡−1)

𝑟𝑡
𝑝
=𝒘𝑡

′ 𝒓𝑡

with   𝒘𝑡 =
𝑤1𝑡

⋮

𝑤𝑁𝑡

and        𝒓𝑡 =
𝑟1𝑡
⋮

𝑟𝑁𝑡
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Outline

1. Use of filters to estimate the parameters of the multivariate return 
distribution

2.   MGARCH models for returns  

3.   Illustration on predicting the distribution of the return of an 
equally-weighted portfolio of 10 Vanguard funds. 

4.   Outlook
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Parameters of interest: multivariate moments

• [Conditional mean] Where the return is expected to be

• [Conditional covariance] How large the joint deviations are expected to be

𝝁𝑡 = 𝐸[𝒓𝑡 |𝕴𝑡−1]

𝜮𝑡 = 𝐸 (𝒓𝑡 −𝝁𝑡 (𝒓𝑡 −𝝁𝑡 )
𝑡 𝕴𝑡−1
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Multivariate higher order moments

• [Conditional coskewness] How skewed the joint deviations are expected to be

• [Conditional cokurtosis] How fat-tailed the joint deviations are expected to be

𝜱𝑡 = 𝐸[(𝒓𝑡 −𝝁𝑡 )(𝒓𝑡 −𝝁𝑡 )
𝑡 ⊗ (𝒓𝑡 −𝝁𝑡 )

𝑡 |𝕴𝑡−1]

𝜳𝑡 = 𝐸[(𝒓𝑡 −𝝁𝑡 )(𝑟𝑡 −𝝁𝑡 )
𝑡 ⊗ (𝒓𝑡 −𝝁𝑡 )

𝑡 ⊗(𝒓𝑡 −𝝁𝑡 )
𝑡 |𝕴𝑡−1]
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Once you know the multivariate moments…

• … you also know the portfolio moments

μ𝑡
𝑝

= E[𝑟𝑡
𝑝
𝕴𝑡−1 =𝒘𝑡

𝑡𝝁𝑡

σ𝑝,𝑡
2 = E[(𝑟𝑡

𝑝
− μ𝑡

𝑝
)2 |𝕴𝑡−1] = 𝒘𝑡

𝑡𝜮𝑡 𝒘𝑡

ϕ𝑡
𝑝

= E[(𝑟𝑡
𝑝
− μ𝑡

𝑝
)3 |𝕴𝑡−1] = 𝒘𝑡

𝑡𝜱𝑡 (𝒘𝑡 ⊗𝒘𝑡 )

ψ𝑡
𝑝

= E[(𝑟𝑡
𝑝
− μ𝑡

𝑝
)4 |𝕴𝑡−1] = 𝒘𝑡

𝑡𝜳𝑡 (𝒘𝑡 ⊗𝒘𝑡 ⊗𝒘𝑡 )
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Filtering by doing rolling window estimation
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Use the return in each window to compute an unconditional estimate for the mean, covariance, 
coskewness and cokurtosis for that window.



Comoment estimators

Traditional sample 
estimator

Shrinkage estimators Structured estimator

Deal with the curse of dimensionality

PerformanceAnalytics
functions

mean()
cov()
M3.MM()
M4.MM()

M2.shrink()
M3.shrink()
M4.shrink()

M2.struct()
M3.struct()
M4.struct()

(with arguments to finetune the estimation)

Outliers? Achieve robustness by applying PerformanceAnalytics::clean.boudt() 
to the return data prior to estimating the comoments.

Disadvantage? Ignores the position within the window:
Descriptive of what has been
But not forward looking about what will be. 
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Exponentially Weighted Moving Average 
(EWMA)

𝜮𝑡 = (1 − λ𝜮)(𝒓𝑡−1−ෝ𝝁𝑡−1)(𝒓𝑡−1−ෝ𝝁𝑡−1)
𝑡 + λ𝜮 Σ𝑡−1

𝜱𝑡 = (1 − 𝜆𝛷)(𝒓𝑡−1−ෝ𝝁𝑡−1)(𝒓𝑡−1−ෝ𝝁𝑡−1)
𝑡 ⊗ (𝒓𝑡−1−ෝ𝝁𝑡−1)

𝑡 + 𝜆𝛷 𝜱𝑡−1

𝜳𝑡 = (1 − 𝜆𝛹)(𝒓𝑡−1−ෝ𝝁𝑡−1)(𝒓𝑡−1−ෝ𝝁𝑡−1)
𝑡 ⊗ (𝒓𝑡−1−ෝ𝝁𝑡−1)

𝑡 ⊗ (𝒓𝑡−1−ෝ𝝁𝑡−1)
𝑡 + 𝜆𝛹 𝜳𝑡−1

• The scalar parameters λ𝜮, 𝜆𝛷 and 𝜆𝛹 determine the weight on the past prediction. 

• Use a grid search to find the values of λ𝜮, 𝜆𝛷 and 𝜆𝛹 that are optimal with respect to your 
preferred statistical or economic criterion of choice.

• Implementation in PerformanceAnalytics: M2.ewma(), M3.ewma() and M4.ewma() taking as 
input the de-meaned returns. 
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From EWMA filters to MGARCH models

EWMA filters ➔ MGARCH models rmgarch package
GAS package

• Comoment

estimates 𝜮𝑡, 𝜱𝑡

and 𝜳𝑡 as 

measurable 

function of past 

returns. 

• No assumptions 

about the true 

data generating 

process. 

• Specify assumptions about the data generating 

process of 𝒓𝑡 . There is a structural parameter θ.

Those model assumptions lead to a parametric
function for the multivariate moments:

(𝝁𝑡 , 𝜮𝑡 , 𝜱𝑡 , 𝜳𝑡 ) = ℎθ (𝒓1 ,… 𝒓𝑡−1 )

• Fit the model to get an estimated θ

• After estimating θ, you get a parametric filter

(ෝ𝝁𝑡 , 𝜮𝑡 , 𝜱𝑡 , 𝜳𝑡) = ℎθ (𝒓1 ,… 𝒓𝑡−1 )

dccspec(), 
gogarchspec(), 
MultiGASSpec()

dccfit(), gogarchfit(), 
MultiGASfit() 

gogarchfilter(), 
dccfilter(), 
GAS:::GASFilter_multi()
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Outline

1. Use of filters to estimate the parameters of the multivariate return 
distribution

2. MGARCH models for returns  

3. Illustration on predicting the distribution of the return of an 
equally-weighted portfolio of 10 Vanguard funds. 

4. Outlook
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MGARCH models come in many flavors

• They have the following equations in common:

• Under those equations:

𝐶𝑜𝑣(𝒓𝒕 𝕴𝒕−𝟏 = 𝜮𝒕
𝟏/𝟐

𝐶𝑜𝑣(𝒛𝒕 𝕴𝒕−𝟏 (𝜮𝒕
𝟏/𝟐

)′= 𝜮𝒕

1 𝒓𝑡 |𝕴𝑡−1 = 𝝁𝑡 + ε𝑡

(2) ε𝑡 = 𝜮𝑡
1/2

𝒛𝑡

(3)     𝒛𝑡 𝑖𝑖𝑑 (0, 𝑰𝑁 )
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Flavor 1: BEKK

𝜮𝒕 = 𝑪′𝑪 + σ𝑖=1
𝑝

𝑨𝑖
′ε𝑡−𝑖ε𝑡−𝑖

′ 𝑨𝑖 + σ𝑗=1
𝑞

𝑩𝑗
′𝜮𝒕−𝒋𝑩𝑗

• EWMA with an intercept and parameter matrices 

• Can be stationary (under conditions on the parameter matrices)

• Assumes unbounded, quadratic reaction to past de-meaned returns. 
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Solution: BIP-BEKK

• BIP stands for Bounded Innovation Propagation

• Uses a conditional outlier detection rule

• There is now an upper bound on the impact of single observations.

• Uses only daily close prices.

𝜮𝒕 = 𝑪′𝑪 + σ𝑖=1
𝑝

𝑤(ε𝑡−𝑖
′ 𝜮𝒕−𝒊

−𝟏 ε𝑡−𝑖)𝑨𝑖
′ε𝑡−𝑖ε𝑡−𝑖

′ 𝑨𝑖 + σ𝑗=1
𝑞

𝑩𝑗
′𝜮𝒕−𝒋𝑩𝑗

21



Solution: realized BEKK

• 𝑽𝑡−𝑖 is a realized covariance matrix computed from intraday data (e.g. using the rCov(), 
rTSCov(), rRTSCov() functions in the package highfrequency)

𝜮𝒕 = 𝑪′𝑪 + σ𝑖=1
𝑝

𝑨𝑖
′𝑽𝑡−𝑖𝑨𝑖 + σ𝑗=1

𝑞
𝑩𝑗
′𝜮𝒕−𝒋𝑩𝑗
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Flavor 2: GO-GARCH factor models
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(4 – N factors) ε𝑡 = 𝑨𝒇𝑡

(5 - orthogonal) 𝒄𝒐𝒗(𝒇𝑡 𝕴𝒕−𝟏 = 𝑽𝒕 = 𝑑𝑖𝑎𝑔 υ1𝑡
2 , υ2𝑡

2 , … , υ𝑁𝑡
2

𝜮𝒕 = 𝑨𝑽𝒕 𝑨
′

• Estimate 𝝁𝑡 and A. Compute factors using 𝒇𝑡 = 𝑨−1(𝒓𝑡 − 𝝁𝑡 ). Specify a GARCH model 

for the variance of each factor υ𝑖𝑡
2 .

• If factors are assumed to be independent, you obtain the Chicago model with 
straightforward expressions for the coskewness and cokurtosis matrix:

𝜱𝑡 = 𝑨𝜱𝑓,𝑡(𝑨
′⊗𝑨′)

𝜳𝑡 = 𝑨𝜳𝑓,𝑡(𝑨
′⊗𝑨′⊗𝑨′)

where the factor coskewness and cokurtosis are sparse.



Functionality in the rmgarch package
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Flavor 3: DCC models

• Model the conditional covariance matrix as the product of conditional 
volatilities and correlation, with a univariate GARCH model for the 
variance and a multivariate model for the correlation.

26

σ1𝑡
2 σ12𝑡 ⋯ σ𝑁1𝑡

σ21𝑡 σ2𝑡
2 ⋯ σ2𝑁𝑡

⋮ ⋱ ⋮

σ𝑁1𝑡 σ𝑁1𝑡 ⋯ σ𝑁𝑡
2

=

σ1𝑡 0 ⋯ 0

0 σ2𝑡 ⋯ 0

⋮ ⋱ ⋮

0 0 ⋯ σ𝑁𝑡

1 ρ12𝑡 ⋯ ρ𝑁1𝑡

ρ21𝑡 1 ⋯ ρ2𝑁𝑡
⋮ ⋱ ⋮

ρ𝑁1𝑡 ρ𝑁2𝑡 ⋯ 1

σ1𝑡 0 ⋯ 0

0 σ2𝑡 ⋯ 0

⋮ ⋱ ⋮

0 0 ⋯ σ𝑁𝑡

𝜮𝑡 = 𝑫𝑡 𝑹𝑡 𝑫𝑡



Flavor 3: DCC models

• Step 1: Estimate the garch models and compute standardized returns

• Step 2: Estimate the GARCH covariance of the standardized returns

• Step 3: Scale 𝑸𝑡 into a correlation matrix

27

𝑸𝑡 = 1 − 𝑎 − 𝑏 ത𝑄 + 𝑎 𝒛𝑡−1 𝒛𝑡−1
′ + 𝑏𝑸𝑡−1

𝑹𝑡 = 𝑑𝑖𝑎𝑔(𝑸𝑡 )
−1/2

𝑸𝑡 𝑑𝑖𝑎𝑔(𝑸𝑡 )
−1/2

𝒛𝑡 = 𝑫𝒕
−1(𝒓𝑡 − 𝝁𝑡 )



Functionality in the rmgarch package
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Flavor 4: GAS models

• You stack all the time-varying parameters into a vector

• Transform using a link function Λ()  into an unconstrained parameter

• Compute the marginal impact of ෩𝜽𝑡 on the log-density of the last 
observation 

• Apply update equation:

30

𝜽𝑡 = (μ1𝑡, … , μ𝑁𝑡, σ1𝑡, … , σ𝑁𝑡, ρ21𝑡, … , ρ 𝑁−1 𝑁𝑡, … )′

෩𝜽𝑡 = Λ(𝜽𝑡 )

𝒔𝑡 =
𝜕𝑙𝑜𝑔𝑓(𝒓𝑡 |θ𝑡 )

𝜕෩𝜽𝑡

This is the score. If it is positive, the 

increasing ෩𝜽𝑡 improves the fit. If it 
is negative, then decreasing ෩𝜽𝑡
improves the fit.

෩𝜽𝑡 = κ + A 𝒔𝑡−1 + B ෩𝜽𝑡−1

𝜽𝑡 = Λ−1(෩𝜽𝑡)



Functionality in the GAS package
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Outline

1. Use of filters to estimate the parameters of the multivariate return 
distribution

2. MGARCH models for returns  

3. Illustration on predicting the distribution of the return of an 
equally-weighted portfolio of 10 Vanguard funds. 

4. Outlook
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symbols <-

c("VFINX","VEURX","VPACX","VEIEX","VGSIX","VGENX","VGPMX","VBLTX","VMNFX","VWESX")

# Vanguard 500 Index Investor

# Vanguard European Stock Index Investor

# Vanguard Pacific Stock Index Investor

# Vanguard Emerging Mkts Stock Index Investor

# Vanguard Real Estate Index Investor

# Vanguard Energy Fund Investor Shares

# Vanguard Precious Metals and Mining Investor

# Vanguard Long-Term Bond Index Investor

# Vanguard Market Neutral Investor

# Vanguard Long-Term Investment-Grade Investor

# Get the fund close prices from Yahoo!Finance

library(quantmod)

dat <- do.call(cbind, lapply(1:length(symbols), function(i){

tmp<-getSymbols(symbols[i], from="2000-01-01",to="2018-07-30",auto.assign = FALSE)

tmp <-adjustOHLC(tmp, symbol.name = symbols[i])

tmp <- Cl(tmp)

colnames(tmp) < symbols[i]

return(tmp)

}))
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# Compute the log-returns

ret <- do.call(cbind, lapply(1:ncol(dat), function(i){

tmp <- quantmod::allReturns(dat[,i], type = "log")[,1]

colnames(tmp) <- symbols[i]

return(tmp)

}))

ret = na.omit(ret)

# Split-sample analysis (see the book chapter for rolling analysis)

N <- ncol(ret)

train_sample <- "/2006-12-31"

test_sample <- "2007/2018"

# GO-GARCH model specification, estimation on trained sample, prediction on full sample

library(rmgarch)

spec.gogarch <- gogarchspec(mean.model=list(model="constant"), 

variance.model = list(model="csGARCH",garchOrder=c(1,1),variance.targeting=TRUE),

distribution.model="manig",ica="fastica")

fit.gogarch <- gogarchfit(spec.gogarch, data=ret[train_sample], gfun="tanh")

filter.gogarch <- gogarchfilter(fit.gogarch, ret, n.old = nrow(ret[train_sample]))
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# Compute density and VaRs of portfolio return for the out-of-sample period

start <- which(index(ret)==as.Date("2006-12-29"))+1

end <- nrow(ret)

set.seed(1234)

cf <- convolution(filter.gogarch, weights = rep(1/N, N), trace=1, use.ff = FALSE, 

support.method = c("adaptive"))

varMatrix.gogarch <- matrix(NA, ncol=2, nrow=end-start+1)

colnames(varMatrix.gogarch) <- c("VaR[1%]","VaR[5%]")

cdraws <- 50000

density.gogarch <- matrix(NA, ncol=cdraws, nrow=end-start+1)

for(i in start:end){

f <- qfft(cf, index = i)

varMatrix.gogarch[i-start+1,1] <- f(0.01)

varMatrix.gogarch[i-start+1,2] <- f(0.05)

density.gogarch[i-start+1,] <- f(runif(cdraws))

}

varMatrix.gogarch <- xts(varMatrix.gogarch, index(ret[test_sample]))

density.gogarch <- xts(density.gogarch, index(ret[test_sample]))
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# Plot of time-varying density functions

library(ggplot2)

library(ggridges)

ggplot(plotdata.gogarch, aes(x = y, y = Q, fill = ..x..)) +

geom_density_ridges_gradient(scale = 3, rel_min_height = 0.01) +

labs(title = 'Equal Weighted Portfolio Density (gogarch)')+ guides(fill=FALSE)+

theme(plot.title = element_text(color="#666666", face="bold", size=11, hjust=0),

axis.text = element_text(size = 7),

axis.title.x=element_blank(),axis.title.y=element_blank())+

xlim(-0.06, 0.06)

# Plot of VaR exceedances

ewreturns <- xts(rowMeans(ret),index(ret))

par(mfrow=c(2,1),mar=c(2,3,1,2))

VaRplot(0.01, ewreturns[test_sample], varMatrix.gogarch[,1] )

text(x=as.Date("2017-01-01"),y=0.05,labels="1% VaR")

VaRplot(0.05, ewreturns[test_sample], varMatrix.gogarch[,2] )

text(x=as.Date("2017-01-01"),y=0.05,labels="5% VaR")
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Outline

1. Use of filters to estimate the parameters of the multivariate return 
distribution

2. MGARCH models for returns  

3. Illustration on predicting the distribution of the return of an 
equally-weighted portfolio of 10 Vanguard funds. 

4. Outlook
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Predictive financial return modelling

Information set of past returns

Model
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MGARCH models versus filters: Is there a 
difference?
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Challenging to 
capture all 
empirical 
properties in the 
return data →
flexible models

Flexible models 
are not always 
reliable in practice

Call for more 
flexible and 
reliable models in 
high dimensions, 
in R.


